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Ride Quality Improvements by Means of Numerical Optimization
Techniques
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A numerical optimization technique is employed to obtain an idealized model for the dynamics of an aircraft,
with an aim at improving its ride quality characteristics. The object function to be minimized in the optimization
process is a quadratic performance index, representing the mean-square acceleration level experienced by the
vehicle in its flight in an atmospheric turbulence field. Handling quality requirements are taken into account by
means of suitable side constraints on the eigenvalues and eigenvectors of the aircraft model. The idealized model,
resulting from the minimization process, can be effectively used as a model to be followed by a control system. A
numerical example, based on two-degree-of-freedom longitudinal dynamics of a jet transport, is discussed.

Introduction

ONE of the most important areas of employment of active con-
trol systems is the study of flight in atmospheric turbulence.

This study involves many different aspects of the aircraft develop-
ment (e.g., fatigue damage, transient peak loads, handling quality,
and ride comfort), which are often strictly connected. As a conse-
quence, the project must outline strategies that reflect this state of
things.1 In particular, in this work we are interested in pointing out
the interaction between handling and riding qualities.2

Ride quality is related to a number of factors, but especially to
aircraft dynamics. One of the most important parameters is the
level and duration of the root-mean-square accelerations experi-
enced by an aircraft in its flight in atmospheric turbulence. Since
human tolerance to vibration exposure is very poor, it is necessary
to limit vertical and lateral accelerations (especially at some critical
fuselage stations) so as to obtain good comfort levels for crew and
passengers.3

An important contribution to improving aircraft performance
comes from complete knowledge of the physical parameters that
characterize the ride quality performance and its sensitivity to pa-
rameter variations. To this end the aircraft must be investigated in
terms of its free response, which is governed by the eigenstructure
of the vehicle's dynamic model or by the set of its eigenvalues and
eigenvectors. In this paper we look for the optimal model (the one
attaining the best ride quality level) by modifying its eigenstructure
within the constraints imposed by handling quality requirements.

We proceed as follows. A scalar quadratic criterion is first de-
fined to quantify the ride quality performance of the aircraft model
[or system model (SM)] in atmospheric turbulence. Then an ideal-
ized model (IM), corresponding to the minimization of the above
criterion, is found that satisfies given constraints on the model eigen-
values and eigenvectors. This approach allows us: (i) to gauge
the influence of a change in each eigenvalue and/or eigenvector
component and (ii) to quantitatively measure both the "distance"
between the SM and IM and the maximum attainable improve-
ment in ride quality performance. A simple control law, minimizing
the mean-square difference between the SM and IM according to
an implicit model-following technique, is also used for some
comparative results.

System Model
The aircraft dynamics are described by the following linear, time-

invariant system:

x = AQX + B0u + EQwg (1)

y = Q* + D0u + WQwg (2)
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Equations (1) and (2) describe the SM. Here x € Rn denotes the
state of the system, u e Rm indicates the input (or control) variable,
wg € Rr contains the gust velocity components, and.y e Rp is the
output variable. All jc, 11, wg,y are functions of time t.

Since we are concerned with the reduction of the acceleration
level experienced by the aircraft in its flight in an atmospheric tur-
bulence field, we choose y to be composed by signals from ac-
celerometers placed in suitable stations along the vehicle fuselage.

The atmospheric turbulence is modeled by a linear system driven
by white noise,

dg = F0dg +

wg = H0d

(3)

(4)

where dg € Rs denotes the states of the atmospheric disturbances
and rjg e Rq is white noise with constant intensity. The matrices in
(3) and (4) are assigned according to a Dryden model. Defining

(5)

(6)

(7)

with £ 6 R"+s, Eqs. (1 )̂ reduce to

Bu +

where

A =
O EOH

= A) (8)

The aircraft longitudinal and lateral normal acceleration compo-
nents have the following expressions:

(9)azj = w-UQq-

where v and w are side-to-side and vertical velocity components, q
and r are pitch and yaw rate, 0 is the roll angle, g is the acceleration
of gravity, UQ is the steady-state velocity of the aircraft, 4>y. and 4>2.
are the bending mode displacement coefficients with generalized
coordinates rjyi and r]Zi , and /7 is the distance (with sign) between
the generic accelerometer and the aircraft center of gravity (CG).
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Here lj is positive when the sensor is placed forward of the aircraft's
CG. Also, the summations in Eqs. (9) and (10) are extended to all
the generalized coordinates taken into account.

Aircraft Performance in Atmospheric Turbulence
What we need is a performance index PI representing the "mea-

sure" of the aircraft performance in atmospheric turbulence. Since
there are many practical advantages in using a quadratic PI, we
choose the mean-square acceleration level. Accordingly, we define

Pl=E{yTWyy}/p (11)

where £{•} is the expectation operator, Wy is a given nonnegative-
definite symmetric weighting matrix, and p represents the number
of accelerometers along the fuselage.

We first consider the PI evaluation in the case of the free SM (i.e.,
open-loop SM). In other words we do not employ the control vector
u to modify the aircraft dynamics, and accordingly, we suppose
u = 0 in Eqs. (1) and (2). Bearing in mind Eq. (7), we obtain

E{yTWyy}/p = E{£TCTWyC£}/p = tr(CTWyCE{££T})/p
(12)

where tr(-) is the trace operator. It is known that E{££ }, the covari-
ance matrix of £, can be obtained as the solution of the following
linear equation (see Ref. 4, pp. 328-334):

GGT = 0 (13)

Formula (13) is a standard Lyapunov equation for which efficient
numerical methods, as for example the Bartels-Stewart algorithm,5
are available.

In summary, PI can be evaluated from Eqs. (12) and (13), where
the matrices A, C and G are as given in Eqs. (6-8).

Idealized Model
The following questions are of interest: (i) Is it possible to de-

fine an "optimum" behavior (in terms of aircraft ride quality) for
an aircraft in atmospheric turbulence? (ii) If so, which is the best
attainable performance and which are the parameters that chiefly in-
fluence this performance? To answer these questions, we introduce
the aircraft IM, which has the structure

xm = Axm + E0wg

ym = Cxm

(14)

(15)

along with the disturbance model (3) and (4). We assume that xm
and ym have the same dimensions of x andy. Equations (14) and
(15) may also be written as

ym = cm£m (17)
where

A -\A E0H0~\ G = [ 0 1 .
m [o FQ J' LG°J ' m ~ l C

(18)
In analogy with (1 1), the IM performance is evaluated by means

of the following PI:

E{yT
mWyym}/p =

where

Xm =

= tr(fimXm)/p (19)

(20)

(21)

In Eq. (18), matrices A and C must be chosen according to some
criterion. They are the unknowns of our problem and completely
define the IM. On the other hand, since the entries of C are linear
functions of the entries of A [as a consequence of Eqs. (9) and (10)],
we conclude that A is the only unknown here.

From a practical point of view, A cannot be employed as an
ordinary matrix, for it must contain the main characteristics of the
physical system we want to represent. Indeed, the IM eigenstructure
must be suitably chosen so as to warrant that the IM dynamics
reflects the airplane dynamics. In other words we must choose the
IM in such a way that its eigenvalues and eigenvectors can only
vary within pre-established boundaries. The constraints we impose
on the eigenstructure of A may be chosen according to the handling
quality specifications. In this way a good dynamic response of the
free IM is guaranteed. In summary the problem can be approached
as follows: minimize the PI defined by Eq. (19) as a function of A
with specified constraints on the eigenvalues and eigenvectors of A.

Optimization Procedure
Without loss of generality we assume that the eigenvalues of

A are distinct (in this hypothesis Mb, the modal matrix of A, is
nonsingular). Using a spectral decomposition for A we obtain

A = MbAbM~]

where Ab is the block-diagonal matrix

0
0

_ 0 0

j =

(22)

(23)

andAf = wre+|n,-m. Also, ft/™ and nre are the number of the complex
and real eigenvalues. Denoting with pi exp(±y#/) the generic pair
of complex eigenvalues, A, in Eq. (23) becomes

_ [" A cos 9i Pi sin <9, "I
\_-pi sin Oi pi cos Oi J

Vice-versa for real eigenvalues we have

A/ = [A,,-]

(24)

(25)

It turns out that, as a consequence of the above representation of
Ab, the entries of Mb are real valued. Furthermore, its columns
are the real and imaginary parts of the eigenvectors of A (if the
corresponding eigenvalues are complex) or just the real eigenvectors
(if the corresponding eigenvalues are real). The polar form for the
complex eigenvalues allows us to take into account the constraints
on IM in a simple way. In fact, flying quality requirements on the
eigenvalues can be expressed as follows6

e(min) Q(max)

l (min) j (max)

(26)

(27)

where the superscripts min and max denote minimum and maximum
values attained by the indicated variables.

Define

S (Pi, 01, P2, 0 2 , . . - , * i , . . . , A.re) (28)

and call /i the vector containing the columns of Mb (equivalently,
the eigenvectors of A). We observe that the PI to be minimized
is a function of /z and v. Thus, our problem may be formulated
as follows: Find Am [or A, as a consequence of Eq. (18)] so as
to minimize

(29)

(30)

(31)

(32)

with the constraints

AmXm+XmAT
m + GGT=0

^n)<Vi(A)<Vf max)
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where the index / is now extende^ to only those components of p,
and v we want to change with respect to the initial configuration.
In particular, bearing in mind that the eigenvectors are determined
within multiplicative constants, only some of the components of p,
will be modified.

The method of feasible directions7 is used to solve the above
problem. This method employs first-order gradient information on
objective function and constraints to determine a search direction
and a scalar multiplier that reduce /(/x, i/) while maintaining a fea-
sible design. In Appendix I it is shown that the gradient of /(/x, i/)
can be obtained in closed form.

Control Law
We remark that the process outlined above gives useful informa-

tion both on the performance of the free SM as compared to the
"best" attainable IM and on the physical parameters that chiefly in-
fluence such a performance. Unfortunately, it does not answer the
question of how we can modify the SM in order to closely follow
the IM behavior. Although this is a crucial aspect of the problem, in
the sequel we just modify the SM by means of a simple control law.

A wide class of control techniques is based upon the implicit
model-following idea8'9. This technique appears to be a natural
choice in the present problem, for we aim at forcing the SM to
follow IM dynamics in the best possible way.

We make use of a quadratic criterion, i.e., we minimize

= (xm-x)TR(xm-x)-uTTu (33)

where R and T are nonnegative-defmite symmetric matrices. The
former weights the differences between the derivatives of the IM
and SM states whereas the latter weights the maximum values of
the rotations of the control surfaces. In other words the differences
between the IM and SM are minimized in a least square sense.

Minimization of Eq. (33) is straightforward, and following
Markland,10 the result is found to be

- A0)x = Kx (34)

As is seen, the optimal control law uopt is a full-state feedback control
law. Substituting Eq. (34) into Eqs. (6-8), we obtain the controlled
model (CM)

£ = Ac£ + G<ng (35)

y = C£ (36)

where

(37)

Table 1 Open-loop characteristics of SM

Frequency,
Eigenvalues Damping rad/s
-1.075 ± 72.956 0.3418 3.1455

Mar /M0r M<*/ /Mft PI, ft2/S4

0.3050 -0.3660 0.3112

Application of Theory
In this section some results obtained with the above-mentioned

method are analyzed. We consider a simplified case, namely the two
degree-of-freedom short-period longitudinal dynamics11 of a DC-8-
type jet transport. (The data used in this example have been extracted
from McRuer, Ashkenas, and Graham11 for the DC-8 aircraft, except
those pertinent to the symmetric aileron deflections. The latter have
been estimated by the author.) This vehicle is in cruise condition at
33,000 ft of altitude with a Mach number equal to 0.84. The matrices
in Eqs. (1^4) are defined in Appendix II. We assume that elevators
and the symmetric rotation of ailerons are used as control means.
The elastic modes have been omitted to simplify the discussion, and
accordingly, Eq. (9) contains only the rigid-body terms. Although
this omission is not necessary in our theory, it can be interpreted as
if the elastic modes were designed to have little or no effect over the
rigid-body frequencies.

The state variables in the motion equations are the vertical velocity
component w (or the incidence a, i.e., the ratio of w and the steady-
state velocity t/o), and the pitch rate q. The characteristics of open-
loop dynamics (in terms of eigenvalues and eigenvectors) and the
PI in Eq. (11) are given in Table 1.

Note that in this case Wy in Eq. (11) is the identity matrix and
that our results correspond to vertical and pitching gust velocities
of 1 fps intensity. Also, the quantities /z in the table are the entries
of the matrix Mb, i.e.,

Mb = (38)

and the subscripts r and / stand for the real and imaginary parts of
the complex eigenvectors.

Suppose now we want to obtain the IM for the above example.
The constraints are summarized in Table 2.

We are concerned with three cases. Case 1, the most general one,
is compared with cases 2 and 3 where only the eigenvalues (case 2)
or the eigenvectors (case 3) are changed with respect to the free SM
values. In this way the separate effects of eigenvalue or eigenvector
changes on the PI [given by Eq. (19)] are quantified. The results
are summarized in Table 3. Note that, in case 1, the IM has poles
with moduli and phases quite larger than those in the SM. Also,
an important improvement in ride quality performance is obtained:
Indeed, the IM PI is reduced by 77.6%. Moreover we point out that
the eigenvectors play a fundamental role in the present problem. This
is evident from case 2 wherein only the eigenvalues are modified
and the performance improvement is very limited.

Table 2 Constraints on eigenvalues and eigenvectors for cases analyzed

Case

Casel
Case 2
Case 3

Eigenvalues

1.3 < p <4, 1.875 < 0 <TT
1.3 < p < 4 , 1.875 < 0 < T T

3.1453,a 1.919a

Eigenvectors

— 1 < Mar/Mtfr < 1. —1 < liai/Hqi

0.3050a, -0.3660a

-1 < Vctr/^qr < 1» ~1 < Ma/ /Mft

< 1

< 1

aSame value as for SM.

Table 3 Results obtained for cases of Table 2

Case

Casel
Case 2
Case 3

Eigenvalues

-3.999 ± y'0.007
-0.873 ± ;2.7684
-1.075 ± y 2.956

Damping

0.9999
0.3009
0.3418

Frequency,
rad/s

4.0
2.9027
3.1455

/W***
-0.1734

0.3050
0.2547

M./M,
-0.1744
-0.3660
-0.3351

P7, ft2/s4

0.0675
0.2845
0.2280
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______Table 4 Comparisons between SM, CM, and IM______

Frequency,
Model Eigenvalues Damping rad/s iiar l\iqr ^ai /f^qi PI, ft2/s4

SM -1.075 ±72.956 0.3418
CM -3.867 ± ,/2.297 0.8597
IM -3.999 ± ./0.007 0.9999

3.1455 0.3050-0.3660 0.3112
4.4988 -0.0421 -0.3377 0.1583
4.0 -0.1734-0.1744 0.0675

Table 5 State matrices for SM, CM, and IM

r-0.8060 824.20001 T-0.9157 742.01641 T-1.3045 386.40831
L-0.0107 -1.344oJ [-0.0189 - 6.8198J [-0.0188 - 6.6955J

0 Pilot 20 30 40 50 60 70 80 90 100
NORMALIZED POSITION

Fig. 1 Root-mean-square vertical acceleration along fuselage. Marks
correspond to accelerometer positions, normalized to fuselage length.
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Fig. 2 Comparison of simulated gust-induced accelerations at CG.

The IM results (case 1) are now compared with those correspond-
ing to the CM. We assume that the matrices R and T in Eq. (33)
are diagonal, so that / reduces to a weighted sum of squared terms.
Thus, choosing the weights as the inverses of the maximum values
of the weighted quantities (see Ref. 4, pp. 148-157), every term
gives an equivalent contribution to J. Accordingly, we take

= diag(l; 10,000), = diag(8100;8100)

Here the R entries are computed considering as maximum values of
w and q those taken at / = 0 when a step gust input is applied; vice-
versa the T entries are chosen so as to limit the maximum rotation
of the control surfaces to ±4°. It has been obtained that

'•[I:3403 x 10~
3

7016 x 10-3
8.1736 x 10-1'
1.4490x 10

The results are summarized in Tables 4 and 5.
Root-mean-square vertical accelerations along the fuselage are

shown in Fig. 1, in which the SM, IM, and CM are compared. It
appears that the acceleration levels at all the fuselage positions are
minimum for the IM. On the other hand, the CM has a reduced slope
in the acceleration curve, with a corresponding reduction in root-
mean-square acceleration levels in those zones where this level is

more critical. Finally, it should be noted that the behavior of the SM
qualitatively agrees with the experimental measurements reported
inSadoffetal.12

A more detailed description of the benefits provided by the CM
is illustrated in Fig. 2, where simulated accelerations with the SM,
CM, and IM at the CG of the aircraft are drawn vs time.

Conclusions
A numerical optimization technique has been discussed that im-

proves the ride quality of an aircraft nominal configuration. This
technique is based on the minimization of a quadratic performance
index that characterizes the aircraft performance in atmospheric
turbulence. Handling quality requirements are easily taken into ac-
count by imposing suitable side constraints on the eigenvalues and
eigenvectors of the aircraft model. The above technique provides
information on the following points: i) the parameters that chiefly
influence ride quality, ii) the effects of an assigned percent varia-
tion of these parameters and iii) the open-loop performance and the
"best" attainable performance of the aircraft. This information can
be used to guide the vehicle arrangement and, possibly, for subse-
quent modifications of the system free response by means of control
laws. In this second phase the IM, resulting from the optimization
process, may be taken as the basis for a control law definition that
exploits a model-following technique. Although the numerical ex-
amples deal only with a simple two-degree-of-freedom longitudinal
dynamic model, they clearly show the potential of the described
technique and the importance of the eigenvectors on the aircraft
performance.

Appendix I: Computing Gradient of PI
Using a first-order optimization technique we compute the gra-

dient of / in Eq. (29) with respect to the generic free parameter y.
According to Kwakernaak and Sivan,13 we obtain

7— = ~~trl 2Um——Xm + Xm—— I (Al)3y p \ 3y 3y J

where Xm is given in Eq. (26) and Um is the matrix solution of the
Lyapunov equation

AT
mUm + UmAm + Qm =0 (A2)

Observe that 3 Am/3y can be computed as follows. From Eq. (18)
we have

3y
_!"—~~ ^y

L o
(A3)

and from Eq. (22)

AMb = MbAb (A4)

Differentiating Eq. (A4) and solving for dA we obtain

dA = dMbAbM~l + Mb dAbM~l - A dMb M~l (A5)

from which we get either

3 A/f. a ~\/r. \
(A6)

or

3 A (BMb i*Mi>\M-i— = I —— Ab — A —— IM,3y \3y h dy J b

dA 3Ab ,
— = Mb——Mbdy dy

(A7)

according to whether y is a component of p, or of i/. As a conse-
quence of Eq. (23) the entries of 3Ab/3y are all zero except for a
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block. Calling 8At/dy this block, it is found

8A
"ay

i [ cosOt sinOi "1 . _ t . i1 = if y = pl and i < ±ni|_-sin0/ COS0/J

dAi_ _ I" -Pi sin Of A- cos ft 1

3y ~ L ~ A cos 0' ~ Pi sin ̂ ' J

/ A 0 \(A8)

if y = Oi and / < ^nim

— = [1] if y = X/ and i > \n^

(A9)

(A10)

Vice-versa if y coincides with the generic entry (say y, k) of Mb,
then dMb/dy is a matrix with all null elements except for a 1 in
position j, k.

Finally, recalling Eq. (21) we obtain

dy

where, from Eq. (17),

dy
——

d-^L = \d-C- ol
dy [8y J

(All)

(A12)

Recalling that the entries of C can be written as linear functions of
the entries of A, the quantity dC/dy in Eq. (A12) may be evaluated
by taking the derivatives of the elements of C and using Eqs. (A6)
and (A7).

Appendix II: Data Used in Numerical Examples
The numerical examples discussed in the text are based on the

following data:

[ -0.8060 824.2000] [-34.6000 -37.20001
-0.0107 -1.3440 _p + [-4.5720 -1.2000 JM

I" 0.8060 0
[0.0107 0.5034 \*g (Bl)

. r-o.
** = -0.:L-o..

-0.9419
0.2218
0.0252

1.0000
0
0

0 1
0 \dg

-4.5586 J [ 1.1887"
0.3232

0 „

_|~ 1.0000 0 Ol
~ [0.0055 0 1J*

rf

(B2)

(B3)

Matrices C0, D0, and WQ are easily computed from Eq. (9) using
the eight accelerometer positions in Fig. 1.
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